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Abstract 

The LSW model with encounters has been suggested by Lifshitz and Slyozov as a regularization 
of their classical mean-field model for domain coarsening to obtain universal self-similar long-time 
behavior. We rigorously establish that an exponentially decaying self-similar solution to this model 
exist, and show that this solutions is isolated in a certain function space. Our proof relies on setting 
up a suitable fixed-point problem in an appropriate function space and careful asymptotic estimates 
of the solution to a corresponding homogeneous problem. 
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MSC (2000): 45K05, 82C22, 35Q72 

1 Introduction 

The classical mean-field theory by Lifshitz and Slyozov [B] and Wagner [TB] describes domain coarsening 
of a dilute system of particles which interact by diffusional mass transfer to reduce their total interfacial 
area. It is based on the assumption that particles interact only via a common mean- field 6 = 9(i) which 
yields a nonlocal transport equation for the number density / = f(v,t) of particles with volume v. It is 
given by 

% + ^((- 1 + ^ 1/3 )/)= ' -> ' i>0 < « 
where 9(t) is determined by the constraint that the total volume of the particles is preserved in time, i.e. 

vf{v,t)dv = p. (2) 



This implies that 



Jf(v,t)dv 

_0 

/ v l ^f{v,t) dv 



^(*) = 7-77TT = ^ , (3) 



o 



where (f' c ) := m,k '■= v k f (v , t) dv for k > 0. It is observed in experiments that coarsening systems 
display statistical self-similarity over long times, that is the number density converges towards a unique 
self-similar form. Indeed, also the mean-field model (HJ-© has a scale invariance, which suggests that 
typical particle volumes grow proportional to t. Going over to self-similar variables one easily establishes 
that there exists a whole one-parameter family of self-similar solutions. All of the members of this family 
have compact support and can be characterized by their behavior near the end of their support: One 
is infinitely smooth, the others behave like a power law. It has been established in [12] (cf. also [3] for 
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asymptotics and numerical simulations, [T] results on a simplified problem and [13] for some refinements), 
that the long-time behavior of solutions to (H])-© depends sensitively on the initial data, more precisely 
on their behavior near the end of their support. Roughly speaking, the solution converges to the self- 
similar solution which behaves as a power law of power p < oo if and only if the data are regularly varying 
with power p at the end of their support. The domain of attraction of the infinitely smooth solution is 
characterized by a more involved condition [13) , which we do not give here since it is not relevant for the 
forthcoming analysis. 

This weak selection of self-similar asymptotic states reflects a degeneracy in the mean-field model which 
is generally believed to be due to the fact that the model is valid only in the regime of vanishing volume 
fraction of particles [TU]. Some effort has been made to derive corrections to the classical mean- field 
model in order to reflect the effect of positive volume fraction, such as screening induced fluctuations 
[TT] , or to take nucleation into account [SJ [TB] . A different approach was already suggested by 
Lifshitz and Slyozov [Sj which is to take the occasional merging of particles ("encounters") into account. 
This leads to the equation 

a + »((_ 1+ , (t) .v.) / )_ JWi (4 ) 

where J[f] is a typical coagulation term, given by 

V oo 

J[f] = \Jw{v-v', v>) f(v- v', t) f («', t) dv' - J w(v, v')f(v', t)f(v, t) dv', 



with a suitable rate kernel w specified below. Volume conservation (0) should still be valid, and since 

vJ[f] (v,t)dv = 

o 

this requires that 8 is again given by Q . 

It remains to specify the rate kernel w (v,v') which Lifshitz and Slyozov assume to be dimensionless 
with respect to rescalings of v, v' and to be additive for large values of v and v' . For simplicity we assume 
- just as in [5] - that 



w(v,v')= ^ M±M ^ ( v + v') = (vy 1 (v + v') , (5) 

that is we obtain a coagulation term with the so-called "additive kernel". Well-posedness of ^ with this 
kernel has been established in [S]. 

As explained before, the model ([l]), © is relevant in the regime that the volume fraction covered by 
the particles is small and hence we assume that 



vf (v,t)dv = e 1. (6) 
The system (HJ)-© can now be written in self-similar variables 

f(v,t) = ^(f log (*)), z=j, r = log(t), Ht) = ^r 

as 

$ T - z<5> z - 2$ + ^ ((-1 + A (r) z 1 / 3 ) $) = eJ[$] (z, r) , (7) 
z${z,T)dz = l, (8) 

z OO 

J[$] 0, t) = - f z$(z- z', t) $ 0' , t) dz - $ (z, t) { + z ) $ (z, t) dz 



where 
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and 

oo 

J <f>(z,t)dz 



J z^(z,t) dz 
o 

Our goal in this paper is to study stationary solutions of fZ])-© in the regime of small e. We notice 
first that the convolution term on the right hand side of ([7]) enforces that any solution must have infinite 
support. We also expect that for small e > the solution should be close - in an appropriate sense - to 
one of the self-similar solutions of the LSW model, that is ([7|) with e = 0. It can be verified by a stability 
argument that the only solution of the LSW model for which this is possible is the smooth one which has 
the largest support. 

Indeed, we obtain as our main result, that for any given sufficiently small e > there exists an 
exponentially decaying stationary solution to CO)-©. Moreover, we show this solution to be isolated, 
i.e., there is no further solution with exponential tail in a sufficiently small neighborhood of the LSW 
solution. We do not believe, that there exist other exponentially decaying solutions, but our proof does 
not exclude that. However, we conjecture that there are algebraically decaying stationary solutions as 
well. We are not yet able to establish a corresponding result for the model discussed in the present paper, 
but can prove this for a simplified model (see [1]). 

For the pure coagulation equation, that is © without the drift term, an exponentially decaying stationary 
solution exists only for e = 1/2. For every smaller e there exists a stationary solution with algebraic decay. 
The domain of attraction of these self-similar solutions has been completely characterized in [9] , and can 
also be related to the regular variation of certain moments of the initial data. 

However, the situation here is somewhat different. While the behavior for large volumes v is deter- 
mined by the coagulation term, the tail introduced by the coagulation term is very small, and the equation 
behaves - at least in the regime in which we are working - as the LSW model with a small perturbation. 
Our analysis reflects this fact, since we also treat the coagulation term as a perturbation. 



2 Statement of the fixed point problem 

In this section we set up a suitable fixed point problem for the construction of stationary solutions to 
These solve 

OO 

-^-2*+^ ((-1 + Az 1 / 3 ) $) =eJ[$](«), fz${z)dz = l, $O)>0, (9) 

o 

with z > and 



A=^- 



J*(z)dz 



J zV3$ ( z ) dz 





by the mean field A 6 3 (j) 2 ^ 3 , oo ) . The self-similar solution with the largest support, which is [0, 1/2] 



In the LSW limit e — there exists a family of solutions with compact support, which can be parametrized 
by the mean field A G 3 (±) 2/3 , oo) . Th 
is exponentially smooth and is given by 

* 2 - ^Lswr 2/3 



, , s I C exp - / - — f — -— d£ for z £ 0, ~ 

$LSw(z) = { V \ J £ + l-\LSWe /3 J 2 

for z> |, 



with 



^lsw '■= 3 [ - 



IN 2 / 3 
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and C is a normalization constant chosen such that z&lsw dz = 1. We denote from now on this 
solution by &lsw- As discussed above there are several physical and mathematical arguments supporting 
the fact that such a solution is the only stable one under perturbations of the model. 

The main goal of this paper is to show the following result. 

Theorem 2.1. For any sufficiently small Xlsw — X there exists a choice for e such that there exists an 
exponentially decaying solution to ©. 

The key idea for proving this theorem is to reduce the problem to a standard fixed point problem 
assuming that © is a small perturbation of &lsw- 



Formal asymptotics as e — > 

The formal asymptotics of the solution of (J9]) whose existence we prove in this paper was obtained in 
[BJ. We recall it here for convenience. Such a solution $ is expected to be close to the solution &lsw as 
e — > 0. Notice, however that &lsw vanishes for z > \. Therefore, in order to approximate $ for z > \ 
Lifshitz and Slyozov approximate ^ by means of 

- zjt - 2$ + ^ ((-1 + Az 1 ^ $) = eJ[$ LS w] (z) (10) 

There exists a unique solution of (|10p which vanishes for z > 1. Such a function is of order e in the 
interval (5, l) . However, there is a boundary layer in the region z w g for A close to Xlsw where the 
function $ experiences an abrupt change. Adjusting the value of A in a suitable manner it is possible to 
obtain <I> which is of order one for z < i . A careful analysis shows that A must be chosen as 

as e — > 0. This scaling law was already derived in [BJ, and is in accordance with our results. Notice that 
the smallness of $ for z > \ implies that most of the volume of the particles is in the region z < h. 

In order to approximate $ for z>lwe would need to use the values of the function $ for z S [|, 1] 
obtained by means of (fTU|) . Therefore, eJ[<£>] becomes of order e 2 for z € [1, |] and the contribution of 
this region can be expected to be negligible compared to that of the interval 1]. A similar argument 
indicates that the contributions to $ due to the operator e J ($) for z > | can be ignored. This procedure 
can be iterated to obtain in the limit a solution to ([7]) which decays exponentially fast at infinity. What 
remains to be established is that such a procedure indeed leads to a converging sequence of solutions. A 
rigorous proof could be based on such a procedure; we proceed, however, in a slightly different manner. 

Before we continue we briefly comment on (jll[) . which give the deviation of the mean-field from the 
value of the LSW model. This quantity is of particular interest, since its inverse is a measure for the 
coarsening rate, which is one of the key quantities in the study of coarsening systems. Equation (| 1 1 j) 
predicts a much larger deviation than the ones obtained from other corrections to the LSW models. For 
example, one model which takes the effect of fluctuations into account [14j predicts a deviation of order 
(^(e 1 / 4 ). The large deviation predicted by (JTDJ) can be attributed to the fact that all particles contribute 
to the coagulation term and suggests, that encounters are more relevant in the self-similar regimes than 
fluctuations. We refer to [TT] for a more extensive discussion of these issues. 



Derivation of a fixed point problem 

We now transform © with the choice of kernel ([5]) into a fixed point problem. To this end we write our 
equation as follows 



dz 



dz 



- f ${z-z')§ (z') dz' - $ (z, t) - m z<f> (z) 



(12) 
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with 

oo oo 

1 = J z<P(z)dz, m = J <S>{z)dz. (13) 



It would be natural to proceed as follows: For each given value of e we select mo and A in order to satisfy 
(|13p . However, it turns out to be more convenient to fix A and then select e and mo such that (|13|) is 
satisfied. The reason is that our argument requires to differentiate the function -0 defined below with 
respect to either A or e, but it is easier to control the derivatives with respect to e. 

In the following we always consider A < Xlsw & n d write 

8 := Xlsw — A > 0, e := em > 0. 

An important role in the fixed point argument is played by the functions z i— > ip(z; e, e, 8), which are 
defined as solution to the following homogeneous problem 

- (l + z-(\ LSW -6)z 1 / 3 ^/ = (2-±(\ LSW -S)z-V 3 -Iz-e)^. (14) 

Each of these functions ip is uniquely determined up to a constant to be fixed later. Notice that for 8 > 
the function ip(z; e, e, 8) is defined for all z > 0. If 8 = 0, however, the function tp(z; e, e, 0) is defined only 
in the set z > |, and it becomes singular as z — > + ■ Therefore the function ip changes abruptly in a 
neighborhood of z — | for A close to Alsvv ■ More precisely, if ip takes values of order one for z < |, then 
it is of order exp (-c/VS) for z > i, and this transition layer causes most of the technical difficulties. 

We can now transform (j 1 2(1 into a fixed point problem for an integral operator. Indeed, using Variation 
of Constants, and assuming that $ (z) decreases sufficiently fast to provide the integrability required in 
the different formulas, we obtain that each solution to (fT!?)) satisfies 

oo 

I 7— : € x , (1/3 , ^ !' ~ S l * (0 =: J [$; e, e, 8] (z) , (15) 

Z 

where the symmetric convolution operator * is denned by 

z z 

($1 * $ 2 )(z) = \j* 1 {z- y)$ 2 (y) dy = \ J $ 2 (z - y)*!^) dy. (16) 
o o 

However, the values of the parameters (e, e) cannot be chosen arbitrarily but must be determined by the 
compatibility conditions 

oo oo 

efzI[*;e,e,S\dz = e, sj 1^8] dz = e. (17) 



Notice that the operator / [$; e, e, 5] maps the cone of nonnegative functions $ into itself, and this implies 
that each solution to (|15p is nonnegative. 



Main results and outline of the proofs 

We introduce the following function space Z of exponentially decaying functions. For arbitrary but fixed 
constants (3\ > and /3 2 > 1 let Z := {$ : ||$|| z < oo} with 

||$|| z := \<S>] z +l$\ z , mz ~ sup |$(«)| , [ $ Jz := sup | exp {Pxz)z^ \ . (18) 

0<z<l z>l 

Below in Section 13.11 we prove that & £ Z implies $ * $ e Z. The particular choice of the parameters 
/3i and 0% affects our smallness assumptions for the parameter 8: The larger f3\ and /3 2 are the smaller 
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S must be chosen, and the faster the solution will decay. We come back to this issue at the end of the 
paper, cf. Remark 13.251 

Our (local) existence and uniqueness results relies on the following smallness assumptions concerning S, 
e, e and $. 

Assumption 2.2. Suppose that 

1. 8 is sufficiently small, 

2. both e and e are of order o(y/5), 

3. $ is sufficiently close to $>lsw, * n the sense that ||$ — w small. 

Our first main result guarantees that we can choose the parameters e and e appropriately. 

Theorem 2.3. Under Assumption \2.2\ we can solve ()17|) . i.e., for each $ there exists a unique choice of 
(e, e) such that the compatibility conditions are satisfied. This solution belongs to 

Us = {(£, e) : \es < e < 2e s , \e 5 < £< 2e s } , 

where eg ~ exp (— c/VS) and eg ~ i~ c /VS) will be identified in Equation (|43|) below. 

The solution from Theorem 12.31 depends naturally on the function ft, = = <f> * $, and is denoted 
by (e[h; 6], e[h; 6]). In a second step we define an operator Is[&] via 

/,[#] :=l[&,e[h[$]',5],e[h[$\;6],5] (19) 

with I as in (|15[) . and show that for sufficiently small 6 there exists a corresponding fixed point. 

Theorem 2.4. Under Assumvtion \2.2\ there exists a nonnegative solution to $ = Is[&] that is isolated 
in the space Z. 

In order to prove Theorem 12.31 we rewrite the compatibility conditions as a fixed point equation for 
(e, e) with parameters 5 and h. This reads 

gi [h; e, e, 6} = e, g 2 [h; e, e, S] = e, (20) 

where 

oo £ 

ftfce.S*! -e 2 / 7—z 7iW ^! ;e '!'S ^. ( 21 ) 

7 (£ + 1 - (A L sw - <% 1/3 ) 7 V(C;e,e,o) 



with 7i(z) = z and 72(2) = 1. 

For fixed h the integrals g\ and 32 depend extremely sensitive on e, e, and S. Therefore, the crucial part 
in our analysis are the following asymptotic expressions for <?i, g 2 and their derivatives that we derive 
within Section l3~2l 

Proposition 2.5. Assumption \2.2\ implies 

\gi[h;e,e,5] - e s \ = o{e s ), \g 2 [h;e,e,S] - e s \ = o(e s ) 

as well as 

\ed e g l - 2gi\ < o(.g t ), \edz9i\ < o(&), 

fori = 1,2. 

Exploiting these estimates we prove Theorem 12.31 by means of elementary analysis, see Section 13.21 
and as a consequence we derive in Section I5~2l the following result, which in turn implies Theorem 13. 31 
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Proposition 2.6. Under Assumvtion \2. £1 there exists a small ball around &lsw in the space Z such that 
the operator Is [<&] is a contraction on this ball. 

We proceed with some comments concerning the uniqueness of solutions. Proposition 12.61 provides 
a local uniqueness result in the function space Z. Moreover, since we can choose the decay parameters 
Pi > and 02 > 1 arbitrarily, compare the discussion in Remark l3.25( we finally obtain local uniqueness 
in the space of all exponential decaying solutions. However, this does exclude neither the existence of 
further exponentially decaying solutions being sufficiently far away from &lsw, nor the existence of 
algebraically decaying solutions. 



3 Proofs 

In what follows c and C are small and large, respectively, positive constants which are independent of 5. 
Moreover, o(l) denotes a number that converges to as S — > 0, where this convergence is always uniform 
with respect to all other quantities under consideration. 

For the subsequent considerations the following notations are useful. For 5 > let 

a s (z):=— 1 1/3 1/3 , b 6 {z) :=2-\\ LSW z- 2 / :i + \5z- 2 l\ (22) 

compare Figure [TJ so that by definition the function z i— > ip(z] e, e, S) solves the homogenous equation 



ag(z) versus z b$(z) versus z 




Figure 1: Sketch of the functions as and bs for small 6 and z £ [0, 1]. 



ip = —as(z) (bs(z) — ez — e) -0, < z < oo, 

compare ()14|) . For convenience we normalize ip by 

l l 



j zip{z\e, e, 8)dz = 1 = J z§L,sw{z)dz = 1, 



(23) 



(24) 



and this implies 

with ips(z) — ip(z; 0, 0, 6), and 



M*)-*i.sw(z) =o(l), 0<z<l, 



1 f <C a 



for < z < i - cr, 



> Cfj exp (c/VJ) for | + a < z < 1, 



with < a < h arbitrary compare Figure [5] 
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ips(z) versus z ln(i\(,j:; 5)) versus z 




Moreover, we define 



Gi[h;e,e,S\ := / £a*(0 MO ^(6 



r,(e;e,?,<5) 



ip(z;s,e,6) ^ 



(25) 



dz = 7i(z)exp / a s (y)(b s (y) - ey - ej dy\ dz, 



o o 
with 71(2) = z, 72(2) = 1, so that the compatibility conditions (|2ip read 

£ = e Gi[/i; £,£, 6], £ = e 2 G2[/i; £, £, <5]. 

In order to prove the existence of solutions to these equations we need careful estimates on the functionals 
d and their derivatives with respect to e and e. These are derived within £13.21 bv exploiting Assumption 
I2.2[ and rely on the following two observations. For for small e and ewe can ignore that the functions Ti 
and T2 depend on these parameters, and for h close to §lsw * ®lsw we can neglect the contributions 
of the exponential tails to Gi and G2. More precisely, our main approximation arguments are 



where 



Ti((i;e,e,6) « I\ (£;<*), G l [h;e,e,S] « Gi[h;S] « G l [$ LSW * $lsw;$}, 



1 

:= m-,0,0,6), G t [h;5] := j £a 5 (£) h(0 f,(6 6)d£. 



(26) 



Moreover, for small 5 we can further approximate Gj by 

di[h;S\^Ki, s Ro[h], 

where 

K ilS :=fi(l;*) 

and i?o is the well defined limit for <5 — > of the functionals 
1 



/ 1 



\ 



(27) 



see Corollary 13.51 below 
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3.1 Auxiliary results 

3.1.1 Properties of the function spaces 

Here we prove that the convolution operator * from (|16|) is continuous and maps the space Z into itself, 
and we derive further useful estimates. 

Lemma 3.1. For arbitrary $i, $2 € Z we have $1 * $2 £ Z, and there exists a constant C such that 
||$ a * $ 2 - $1 * $i|| z < C(||$ 2 || z + ||*i|| z )||*2 - $>i\\ z - 

Moreover, for each n € N there exists a constant C n such that 

00 00 

y n fc\m\dt+jz J r(g - z) \m\ < c n exp{ ~^ iz) l$] z (28) 

z z 

for z > 1 j and hence 

' eM£)\d£<C n l*\ z (29) 



i 

for all e Z. 

Proof. Let e Z be arbitrary. Definition (fT8"|) provides 

|($ 2 *$i)(z)| < C||$i|| z ||$ 2 || z , 0<z<2, 
where we used that sup 0<z<2 |*(^)| < C||*llz- For ^ > 2 we estimate 

z 1 

exp {-(3xy) f exp (-/3i(z -?/)), . exp (-faz) exp (/3 X ) - 1 exp 

■ < ^ o < C -r 



a— 1 

and 

Z-l 



/" exp (-/3iy) /" 
J -^^ dy = J- 



(z-yf 2 " (z-if 2 & 



exp(-/3i(2- y)) exp (-fay) , . f dy exp(-faz) 

dy < exp (-faz) / g <C -7T- . 



(z - yf 2 V 02 y ~ J (z- yf 2 y& 

j. 1 

These results imply $ 2 *$i£2 with ||<J> 2 * ®i\\z ^ ^ll^illzll^all^) ana - we conclude 

n$ a * *2 - $i * $i]\\ z <\\®2* ($ 2 - $i)\\ z + ii^i * ($ 2 - *i)ii z < c(ii$ 2 |i z + n^iiy (ii*2 - $iiy. 

Finally the estimates d^HJ) and (j2l)f follow from ^(z) < [^\z z ~ 02 exp (— and elementary estimates 
for integrals. □ 



Remark 3.2. All constants C in Lemma lff.il depend on the parameters Pi and fa that appear in the 
definition of the function space Z, compare (|18|) . More precisely, we have C — ► oo as fa — ► oo or /?2 — > oo . 

3.1.2 Properties of as and 65 

All subsequent estimates rely on the following properties of the functions as and b$ which are illustrated 
in Figure [TJ 

Lemma 3.3. Let 6 < 1 cmc? er fee arbitrary with < a < i. Then, 
1. as is uniformly positive on [0, 1], where 

2 i/3 x 

max as (y) = — — (1 + 0(5)) and axgmaxas(y) = — h 0(8) 
2 

denote the maximum and the maximizer, respectively, 
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2. bs is uniformly integrable on [0, 1] and nonnegative for z > (^) 5 ^ 2 , 

3. zas(z) — > 1 and 65(2) — > 2 as 2 — * 00, 

^. as can &e expanded with respect to S on [0, \ — a\ U [| + o~, 1], i.e., 

|a 5 (z) - a (z)| < C a S 
for z < 1 wit/i |z — i| > a and some constant C a depending on a, 



5- j 0's{y)dy = ~r^(^ + °(1)) f or some constant k given in the proof. 


Proof. The assertions [THU follow immediately from the definitions of as and bs , compare (|22[) . With 
y = \ + VStj we find 

2 



VSa s (y) = 



2 2/3 + 4^2 



This expansion implies 



/ a s (y)dy = (1 + o(l)) 



2 , . ,.\/37r 

2 2/3 + |o ^ = (1 + 0(1))^, 



and the proof is complete. 



□ 



3.1.3 Properties of gs and Rs 

Lemma 3.4. For 5 < 1 we have L gs(£,) d£ < C, where gs is defined in (I27[) . Moreover, for each 
< er < I f/iere exist constants c a and C a such that 

1- Qs(0 > c ff for \ + a < £ < 1, 

2. ^(£)<o(l)<7 CT / O r0<£< A-<r. 

Proof. The existence of c CT and C a is provided by Lemma l3.3[ so there remains to show 

1/2 + cro 

1/2-ao 

for fixed but small erg. According to Lemma 13.31 there exist constants c and C such that 



gs(0 < Ca 5 (£)exp 



/ 1 

-c / a s (y)dy 

V e 



C_d 

c d£ 



exp -c y a s (y)dy d£ 



for all £ with £ — 1 < ctq: an d we conclude 



2 

1/2+cro 



/ 



1/2-CTQ 

which gives the desired result 



\ 1/2+cro / \ 1/2-cro 



□ 



Corollary 3.5. The functionals R are uniformly Lipschitz continuous with respect to h 6 Z for 5 < 1 
with 

Rs[h]^R Q [h] := y f> (0M0 cxp ~y a Q {y)b Q {y)dy \ 



1/2 



/or all h Z . 
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3.1.4 Properties of ip 
Lemma 3.6. The estimates 



i>(z;e 2 ,e 2 ,S) I \& 2 - ::, - |.:_> - 

^ 6Xp I O ■ 



are satisfied for < z < 1, 5 < 1, and arbitrary (e±, Si), {s 2 , £2) 
Proof. The Variation of Constants formula provides 



(30) 



-0(z;£ 2 ,£ 2 ,(5) = d^(2;£i,£i,5)exp I y aa(y)(£ 2 - £1 + (e 2 - £i)y)dy 

for some factor d which depends on E\, £2, £1, £2, and <5. Thanks to 

C 



as(y)dy+ / a s (y)ydy < 



2VS 



for < z < 1 we conclude 

dC _1/2 i/'(z;£i,£i,<5) < i[>(z;s 2 ,e 2 ,8) < dC 1/2 ip(z; £1, £1, <5), 
where C denotes the constant on the r.h.s. in (j3"Uf . Finally, the normalization condition P4f yields 

CT 1 / 2 < d < C 1/2 , 

and the proof is complete. □ 
3.1.5 Properties of I\ and I\ 

Recall Definition (j2li)) , which implies that the functions £ 1— ► 5), i = 1, 2, are strictly increasing and 
satisfy the ODE 



deTtfaS) = 7,(0 + a s (t)b B {t)Tifc8) > 0, r t (0;S) = 0. 
Lemma 3.7. For all 5 < 1 we /iawe 



c exp 



Vs) 



< ^i, 5 < C exp 



cK 2 , s < K hS < K 2t5 - 
Proof. Exploiting the properties of 0,5 and bg from Lemma 13.31 we find 



(31) 
(32) 
(33) 



i(l;<^)< J l t (z)exp J ag(y)bg(y)dy 



/ 1 



exp 



\ 



a s(y)bs(y) dy 



Vi 



c 

dz < C exp [ — -= 

V5 



as well as 



1/4 


/ 1 


y 7,(z)exp 


•/ 





\ 1/4 



and this gives (|32|) since ITi a = 1^(1; (5) by definition. The inequality K^g < K 2 ,g is obvious as 71 (z) < 
72(2:) for all < z < 1. Moreover, there exists a constant c such that 

fi(i;<5) >cf 2 (i;<5), 

where we used that as, bg can be expanded in powers of 6 on [0, j], and the ODE f3T]) implies that Ti is 
a supersolution to the equation for cl^^; 6) on [4, 1], where c = min{c, 7}. Hence we proved ([33]). □ 
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Lemma 3.8. Let S < 1. Then 

f l {^8)<CK l . s ^\ l<C<oo, (34) 

and 

( 



i,5 



< M» | - / a s (y)b s {y)dy I -o{l)Vs\, < £ < 1. (35) 



V 



In particular, 

1- ri(e;5)<C CT fort<\-a, 

2. f l {^5)>c a K hS for^ + a<^<l, 

with < cr < \ arbitrary. 

Proof. We start with £ > 1. Lemma l3~3l provides 



exp^ a s (y)bs(y)dy\ < exp (C + 3 In (£)) < 



and we conclude 



= / 7i(2:)exp ( / flj(y) bs(y) dyj dz + J ~fi(z) exp ^ ^ a« (y) &5 {y) dy j dz 



o 

i /i \ C 



'Jj l (z)exp (j a s {y)b s {y)dyj 



< / 7*^)exp / as(y)b s (y)dy dz + C? / 7^)^ < Cf^.j + 1), 



which implies (O thanks to ([52]). Now consider < £ < 1, and let £ = (5) 5/2 < \ so that 6 5 (y) > for 
all V > Co 7 compare Lemma |3~51 For < £ < £o we have 



< y 7i(*)exp ( / "„(.//) /',;(// i </// 

Co 

= y li(z)exp I -y a s (y)b s (y)dy j + y 7,(2) exp 

c V c / Co v « 

Co /Co \ 1 

< / 7i(z)exp / a s {y) \bg(y)\ dy \ dz + / ^ l (z)dz < C 



as{y) bs{y) dy dz 



C 

whereas for £0 < £ < 1 we find 



n / ~, ; ( :'icxp | / a s (y) b s (y) dy J dz < j :.,(;)./; C. 
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Therefore, for all < £ < 1 we have 

S) = J 7i(z) exp ^ J a s (y) bg(y) dyj dz - J %(z) exp ( [ a s (y) b s (y) dy | dz 

> Jli( z ) e ^P^J a s (y) b$(y) dy^j exp a s(y) b s(y) dy \ dz - C 

t i \ 



Ki s exp 



as(y) bg(y) dy 



C, 



and (|55|) follows due to (f3"2"|) . The remaining assertions are direct consequences of (|3"5j) and Lemma 
1331 □ 



From now on we assume that both e and e are small with respect to 6. 
Assumption 3.9. Suppose e — o(y/S) and e = o{\/S). 
Lemma 3.10. Under Assumvtion \3.9\ the estimates 

Ti{£;e,e,6) <?,(£; S), < £ < oo, 

and 

r,(£; e, e, <5) - f <(£ 5) | = o(l)f 5), < £ < 1, 
/ioZg! /or i = 1, 2 awe? aZZ 5 < 1. 

Proof. The first assertion follows from Definition ([23)) and the positivity of a^. With 0<z<£<lwe 
find 



< / a s (y)(sy + e)dy<{e + e) / a s {y) < C 



„£ + e 

TP 



and 



exp y a s (y)(sy + e)dy\-l < exp ^Ja s (y)(ey + e) dy^j - 1 < exp 



e + e 



1 = (1) 



gives the second assertion. 



□ 



3.2 Solving the fixed point equation for (e, e) 

Lemma 3.11. For <5 < 1 cmd aZ/ /i sufficiently close to <&lsw**&lsw the following estimates are satisfied 
\\h\\ z <2\\<Z> LSW *$ LSW \\ z , G i [h;S] = (l±o(l))K iiS R s [h], c<R 5 [h]<C. (36) 
Proof. Equation (|35p provides 



Gi[h;S\ = / eo a (0/»(0r<te«)d€ 
o 

/ ' 

= Ki, s J £a 5 (£) h{€) exp 
o 

= Jfi,«(iJff[^±o( !)[%)■ 



a s (y)bs(y)dy\dZ-o(l)VSK it5 J £<z 5 (£)M£)C 

V e / o 



(37) 
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Recall that &lsw * &lsw is strictly positive on [0, |], and suppose that \\h — <&lsw * $lsw\\z is suffi- 
ciently small such that h(£) < 2\\&lsw * &lsw\\z f° r all < £ < 1 and 



HO > U®LSW*$LSW)(0 >C, | < C < |. 

Thanks to Lemma 13.41 this estimate implies 

.7/8 
15/8 







< c f ' Q S (0 d£ < R s [h] < 2\\<P LSW * <f> LSW \\ z Rs[l] < oo. 

J5/8 



In particular, Rs[h] ± o(l) \h]z = (1 ± o(l))Rs[h], which is the third claimed estimate, and using (|37[) we 
find the second inequality from □ 

From now on we make the following assumption on the function h. 

Assumption 3.12. Let 5 be sufficiently small, and e + e — o{\/S). Moreover, suppose that h is sufficiently 
close to &lsw * &lsw i n the sense that all estimates from (|36[) as well as 

\h\ z = o(l) (38) 

are satisfied. 

Remark 3.13. 1. The condition \ h\ z — o(l) arises naturally. In fact, below we consider functions $ 
with ||$ - <&lsw\\z = an d this implies * < ||$ * $ — &lsw * $lsw\\z = o(i). 

2. The condition ||$ — $lsvHIz — o(l) depends crucially on the parameters parameter (3\ and (3% from 
(|18|) . because for fixed $ Z/ie quantity \_<&\ z grows as (3% — ► oo or /?2 — * oo. T/izs iotZZ effect the final 
choice for 5, see Condition (|46[) below. 

3.2.1 Properties of Gj, Gi, and their derivatives 

In order to estimate Gi we split the ^-integration in l[2l)|) as follows 

1 oo 



so that Gi = Gj,i + G^2- 

Lemma 3.14. Assumption \3.12\ implies 

Gi[h;e,e,S}-Gi[h;S]\ < o(l) G l [h;5], 

and 

s\d £ Gi[h;e,e,d]\ < o(l)Gi[h;S], e\deG,[h;e,e,5} \ < o{l) G l [h:S] 1 
for both i = 1 and i = 2. 
Proof. Lemma 13.101 implies 

G^ifae.e.ai-Gifca]! < o(l) Gi[h; 5], (39) 
and using Lemma 13.31 and Lemma 13.81 we find 



(40) 



Gi,2[h;e,e,5]< J £a a (0 5) d£ < CK i<5 J h(Q?d£ 

i i 
<CK ii5 \h\ z <o{l)Gi{h;5), 
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where we additionally used (f2l))) and Combining (J35|) an d yields the desired estimates for Gj 

In order to control the derivatives we compute 

1 

d e G it i [h;e,E, 5} = [ {a s (t) MO W^e, 8) d£, 



1 



as well as similar formulas for the derivatives of G^, where 

d e ri(£;e,e,<5) = /7 t (z)exp[ / a 5 (y)(b s (y) - ey - e) dy I I - I a s (y)dy \ dz, 



dzTi(£;e,e,6) = / 7 2 (z)exp / a s (y)(b s (y) - ey - e) dt/ - / a s (y)ydy \dz. 



For < z < ^ < 1 we estimate 



as(y)(y + 1) 



< y a*(y)(j/+l)dy< -7=, 



so that 



| a e ri (C; e ,e,*) | < ^r,(e ; <5), |^r 4 (e;e,e,*)| < 7^ ^(£5) 

due to Lemma \3. 101 Multiplication with £as(£) h(£) and integration over < £ < 1 provides 

e\d s G itl [h;e,e,8}\ < o(l)Gi[h;S], e\ d s G i>x [h; s, s, 8] \ < o(l) G % [h; S], 
where we used (e + e)/VS = o(l). For £ > 1 we estimate 



as(y)(y + ^)dy 



i « 
: / a 5 (y)(y + l)dy + y a,(i/)(y + 1) dy < -j= + C£ < -j=£, 



and exploiting Lemma 13.81 and Lemma 13.101 we find 

Finally, (j2Uf combined with (j3T))) gives 

£ |9 e G i;2 [/i; E ,E,5]| < (l)Gi[/i;(S], e Ifl^afa e, e, S]\ < o(l) G^; 5], 
and the proof is complete. 

3.2.2 Choosing e and e 

Lemma 3.15. The following assertions hold true under A ssumvtion \3.l£l 
1. For small S and i = 1,2 we have 



as well as 



\g z [h;e,e,S}-e 2 G t [h;S}\ < o{l)e 2 G l [h-5] 



\ed s gi[h;s,e,S]-2gi[h;£,e,S]\ + \edegi[h;e,e,d]\ < o(l) s 2 Gi[h; 6]. 



□ 



(41) 
(42) 
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2. For each a > 1 there exists S a > such that for all 8 < 8 a each solution (e, e) to the compatibility 
conditions (|20p must belong to 



U[h;a,5] := {(e, e) : i e ap p [/i; 5] < e < a e ap p [h; 8] , ± e app [h; 5} < e < ae app [h- 8]} 



where 



,[h;8\ :=l/Gi[/i;5], 



,[h;8\ 



,[h;S] G 2 [h;8]/G 1 [h;8] 



3. For small 8 and given h (bounded by Assumption \3.12\) there exists a solution (e[h;8], s[h;S]) to 
(|20p . Moreover, this solution is unique under the constraints e,e = o(\f$). 



have the same order of magnitude thanks to ([33 



Proof. Let 8 be sufficiently small, and h and a > 1 be fixed. The estimates (|41l) and (j4"2")l are provided 
by Lemma 13.141 and imply 



£(fi£) = (i ±0 (i))_L 



ga(e,e) = (l±o(l)) 



-app- 



where gi(s, e), £ app , and £ app are shorthand for gt[h, e, s, 8], £ app [/i; 5], and £ &pp [h; 8], respectively. There- 
fore, (gi{e, e), 52 (e, e)) = (e, e) implies e = (1 ± o(l))e app , and in turn e = (1 ± o(l))e app , so each 
solution to pTj]) must be an element of U[h; a, 8]. 

Now suppose (e, e) <E U[h, a, 8]. For e — ^e app and e — ae app we have 

01 (e, e) = (1 ± o(l))ie < e and 51 (e, e) = (1 ± o(l))ote > e, 

respectively, and (|4"2l implies 9 £ <7i > 0. Therefore, for each e there exists a unique solution e = e(e) to 
.9i = e, i-e-, 

gi(e(e), e) = e(e) = (1 ± o(l))e app , 
and differentiation with respect to e shows 



dF 



|^l|/|5 e9 i-l|= 0(1)^=0(1): 



app 



o(l) 



since ce app < e app < Ce app thanks to Lemma 13. Ill Now let 32(e) := g2{s(e), e), and note that 



.92 = (1 ± o(l))e a 



52 

de 



14 32 1 



|3rJ»| = o(l)^ = o(l). 



Thus, for small 8 the function 32 is contractive with 



32(^e apP ) > ~£ ap p, 32(ae apP ) < ae apP , 

and hence there exists a unique solution to e = 32 (e) ■ □ 

In Section l3~3l below we consider functions h close to <&lsw * &lsw, and then the following result, 
which follows from Lemma 13.111 Lemma 13.151 and Corollary 13. 51 becomes useful. 

Corollary 3.16. Suppose that 

\\h - <P L sw * ^Lsw\\ z = o(l). 
Then the solution (e[h;8], e[h;8]) from Lemma \3.15\ satisfies 



,[h;8] = (l±o(l))e 4 , 



,[h;8] = (l±o(l))e s , 



where 

e s := 1/ Ki,sRq[$lsw * $lsw], e<5 ■= e<5 K 2 j/ K lt $. 
In particular, the assertions from Theorem \2.3\ and Proposition \2.5\ are satisfied. 



(43) 



16 



3.2.3 Continuity of e and e. 

Lemma 3.17. The solution from Lemma \3.15\ depends Lipschitz- continuously on h. More precisely, for 
arbitrary hi, hi that fulfil A ssumption \3.1^ we have 

e[h 2 ; 6} - e[hv, S]\ + \i[h 2 ; 5} - e[h v , S]\ < C(e[h 2 ; 6} + e[hr, S\) \\h 2 - h^. 

Proof. We fix 5, abbreviate = e\hi\ 5] and £j = e[hf, 5], and for arbitrary r S [0, 1] and (e, e) £ Us we 
write h (r) = rh 2 + (1 — T)h±, as well as 

gi(e,e,T)=gi[h(T);e,e,5], e(r) = e[/i(r); 6], e(r) = e[h(r); 5], 

so that 

e(r) = si(e(r), e(r), r), e(r) = g 2 ( £ (r), e(r), r) (44) 
holds by construction. For fixed (s, e) we estimate <9 T ^i as follows 

oo 

\d T 9r (e, e, r) | < ffl [| ft 2 - ftj | ; e, e, 5} = e 2 J £ a s (£) | ^ 2 (0 - (£) | (£ ; e, e, 5) 

o 

< e 2 R> 2 - hilz§i(l;«) + e 2 L^2 - h!\ z K itS , 



<Ce 2 K t ,s\\h2-hi\ 



compare (f39|) and (|40|) . and Lemma f3 . 11 1 combined with Lemma T3. 151 provides 

\d rgi (e(r), e(r), r)| < Ce(r)||^ 2 - fc^ = C(e 2 + El )||fta - h x \\ z . 
Differentiating (|4"4"|) with respect to t yields 

e ' = d e cue 1 + drgie 1 + <9 T <h , e ' = d e g 2 e ' + ck <? 2 £ ' + d T g 2 , 
where ' denotes 4-. Moreover, Lemma \3. 151 combined with g~\ = e, g 2 — e, and e/e = O(l) provides 

d e g 1 = (2 + o(l)) d £ g 2 = 0(l), c\g x = o{l), d^g 2 = o{l), 
and we conclude that 

-l + o(l) o(l) \f£'\^ 1 fd T g 1 



0(1) i + o(i) j \ r J v d ?92 

Finally we find 

l 

\e 2 -ei| + |e 2 -£i| = / |e' + ?'| <fr < C( £l + e 2 ) - 
o 

which is the desired result. □ 

3.3 Solving the fixed point equation for $ 

For each h S Z and arbitrary parameters (e, e) we define the function 

oo 

J[h;e,e,S](z) := ^(z; e,e,8) f *° S ®~® 

z 

which is related to the fixed problem for $ via 

Is[$] = £[$ * 6} J[$ * e[$ * $; <5], e[$ * $; J], <$] , 

compare ([T9l) . Notice that the exponental decay of /i implies that the function J[h; e, £, 6} is well defined 
and has finite moments, i.e., 

3 OO 

J[h; e,e, S] (z) dz < oo, / zJ[/i; e,e, 6] (z) dz < oo. 

o 

Moreover, below we show, cf. Corollary 13. 201 that the operator J[-;e,e;5] maps the space Z into itself. 
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3.3.1 Approximation of the operator J 

In this section we show that the operator J can be approximated by 

oo 

J app [h-e 7 e,5](z) := X[o,i](z)ip(z;e,e,8) J £ J[h;e,e 7 S}{£_) d£, 

o 

that means all contributions coming from 

J ies [h; £, e, 8] := J[h; e, e, 5] - J app [/i; £, £, <5] 

can be neglected. To prove this we split the operator J into three parts J = J\ + Ji + J3 with 

00 





J 2 [/i;e,e,5](2) := -X[o,i\(z)ip(z;e,e,6) J ^^y|) ( 45 ) 



00 

J 3 [/i;e,e, 5] (2) := +X[i,oo)0) #z; £,£,£) J ~^~fj^ d ^ 

z 

Notice that J app [/i; e, e, <5], Ji[h;e,e,8], and J2 [ft; £, ef, 5] are supported in [0, 1], whereas the support of 
J3 [/i; £, e", 8] equals [1, 00). Moreover, the next result shows that J\ does not contribute to the residual 
operator J ros . 

Remark 3.18. For all h € Z and all parameters (e, e, 8) we have 

1 



J res [h;e,s,8](z) = J 2 [h;e,e,8](z) - ip(z;s,e,8) \ J £ J 2 [h;s,s,8}(£,) d£ + J £ J a [h;s,£,8](£) d£ 

\0 1 

for < z < 1, as well as 

J rcs [h;e,e,S](z) = J 3 [h;s,s,8](z), 

for z > 1 . 

Proof. The second assertion is a direct consequence of Now let < z < 1. Due to the normalization 
condition J Q £ tp(^; e, e, S)d£ = 1 we have 

00 00 


and this implies 

1 

i/)(z;£,e,S) J £ Ji[h;e,e,8](g)d£ = Ji[h;E,s,8](z). 


Moreover, by definition we have 

3 00 

J res [/i;£,£,5](z) = Ji [h;e,e, 8] (z) + J 2 [h;e,e,8](z) - ip(z;e,e,S) / £Ji[h;e,e,5](£) d£, 
and the combination of both results yields the first assertion. □ 
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In the next step we estimate the operators J 2 and J3 as well as their derivatives with respect to (e, e). 
Lemma 3.19. For all h G Z and all parameters (e, e, 6) that satisfy Assumption \3.9\ we find 

\j 2 [h;e,e,6]{z)\ + \d e J 2 [h;e,e,6]{z)\ + \drJ 2 [h;e,e,6]{z)\ < j\h] z 

for all < z < 1, as well as 

\j 3 [h;e,e,S}(z)\ + \d e J 3 [h;e,e, 5](z)\ + \d^J 3 [h;e,e,S](z)\ < C[h\ z ° Xp ^ lZ) 

for all z > 1 . 

Proof. Let < z < 1. The definition of J 2 provides 

S 



■ l 2 [h ::.:.<)][:) ■- / i</,- ( i O >'x\> | /</,,(//)(/<,,('/)- : - : "1/ i dy ) </i . 

and we estimate 

/ 

a s {y) min{0, b s (y)} dy I d£ 



\j 2 [h;e,e,S](z) \ < \h~\ z exp \C^^-\ J £as(£)e*P 



(y) min{0, b s (y)} dy J d£ 





1 



< \K\ Z C J ta s (Odt<-j=\h] z . 



Moreover, 



\d £ J 2 [h;e,e,S](z)\ < 



£a<5(£)M£) ex P / a s (y)(b s (y) - e - ey)dy / a s (y) dy d£ 





1 . r , . , C, 



< —J 2 [\h\;e,e,5](z) < j\h] z , 
and the estimate for J 2 [h; e, e, is entirely similar. Now let z > 1. Then, 

I J 3 [/i;£,e,5](z)| < / |/i(£)|exp I / a s (y)(b s (y) - e - ey) dy I d£ 



<C J\h(£)\exp (f a 5 (y)b 5 (y)dyj d£ 

OO OC 

<cj |M£)|exp(C + 3m£-3mz)^ = ^ / f IMOI 



as well as 

\d^J 3 [h;e,e, 5](z)\ + \d? J 3 [h; e, e, S](z)\ < 



< / £a s (0 I MO I exp as(y)(bs(y)-e-ey)dy\\ a 5 {y){y + 1) dy d£ 



Finally, using ([25]) completes the proof. □ 
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As a consequence of Remark 13.181 and Lemma \3. 191 we obtain estimates for the residual operator. In 
particular, h G Z implies J ICS [h;e,e,S] G Z, and hence J app [h;e,e,S] G Z. 

Corollary 3.20. The assumptions from Lemma \3.19\ imply 

J Ies [h; e, e, 5} G Z, d e J ies [h; e, e, 5} G Z, d^J ICS [h; e, 1,5} G Z 

with 

C 

\J TCS [h; e, e, S]] z < -j \h~\z + C[h\ z , [J rcs [h; e, e, 8]\ z < C\h\ z 

as well as 

\\d e J Ies [h;s,s,S]\\ z + \\d^J Ies [h;e,s,S]\\ z < j\\h\\ z . 
In particular, for fixed h we have 



C 

|| J Tes [h;s 2 ,e 2 ,8] - J rcs [h;ei,si,5]\\ z < -j\\h\\ z (\s 2 - £i| + \e 2 ~ ei|). 
Proof. All assertions are direct consequences of Remark 13.181 and Lemma 13.191 □ 

3.3.2 Setting for the fixed point problem 

Here we introduce suitable subsets of the function space Z that allow to apply the contraction principle 
for the operator Is . For this reason we introduce the functions 

®s(z) := X[o,i]{z)^(z;0,0,S), 

which satisfy ||<&{ - <&lsw\\ z ^ as 5 ^ 0, see (|23j! and ([Mil- 
Definition 3.21. Let fi$ be a number with 

W = o(l), =o( f i 2 s ), \\$s-<S>lsw\\z = °{vs), (46) 

and define the sets 

y s = {$ez : ||$ - $ s \\z < z 5 = {hez -. \\h - $ s * $ s \\ z < w}- 

Lemma 3.22. For all sufficiently small 5 the following assertions are satisfied. 
I- ®lsw e ys, 

2. implies $*$eZj, 

3. each h E Z$ satisfies Assumvtion VS '. 12[ hence there exist the solutions e[h; 6] and e[h; 5} from Lemma 

E23 

Proof. The first assertion holds by construction. For $ G ys we have 
||$ * $ - $ 5 * <$>s\\ z = ||2$ * ($ - $>s) + ($ — &s) * ($ — &s)\\z 

< 2||$ * ($ - $ s )\\ z + ||(* - $«) * ($ - *«)||z < C||$ - $i|lz = o(w). 

This implies * $5 - $lsw * $lsw|Iz ^ C\\$s _ &lsw\\z < Cm<5 2 = °(m<5) 7 an d f° r au h e Z$ we 
find 

||ft - $LSM/ * $LSw|lz < lift - $5 * *5|lz + C\\$ S - ^>LSw\\ Z = o(Hs) = o(l). 

Therefore, 

[ftj z = L*L5W * *L5M/Jz + 0(/i 5 ) = o(l), 

and the proof is complete. □ 
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3.3.3 Contraction principle for $ 

Recall that the solution (e, e)[/i;(5] from Lemma \3. 151 satisfies 



(J[h;e[h;5],Z[h;8],5]. 



e[h;S] 

o 

Therefore we define I[h;5] = / apP [^; S\ + I Te a[h>'> S\ with 

I apP [h; 5}(z) := e[h;S\ J &pv [h;e[h;S\,e[h]S\,S\, I Ies [h; 8] (z) := e[h;5] J ies [h;e[h;S],e[h;S],5], 
and this implies Ig [<&]=/[<&* $; S], with Ig as in JUJ), as well as 

Inp P [h;5](z) = X[o,i)(z)ip{z;e[h;S],e[h;S],S). 
In particular, is close to $a with error controlled by e and e, provided that 6 is small and h close to 

Lemma 3.23. For sufficiently small 6 the operator I maps Zg into yg, and is Lipschitz continuous with 
arbitrary small constant. More precisely, 

\\I[h 2 ;5}-I[h 1 -S}\\ z <o(l)\\h 2 -h 1 \\ z 

for all h\,Ji2 € Zg. 

Proof. For each h £ Zg Lemma \'S . 1 71 provides 

\\Ires{h;S]\\ z <C^\\h\\ z <j^\\h}\ z , 
where we used Lemma [3.111 and Lemma T3. 151 Moreover, ()46[) implies 

IIWMIU < o(n 2 s )\\h\\ z = o(tf)\\h * h\\ z = o((4). 

From Lemma 13.61 we derive 

C-^siz) < ^(z;s[h;8],e[h;S],S) < C$> 5 {z), 



for all < z < 1 with 



We conclude 



^;fl=e^(c£P^M) =jB p(o(^). 



Uapp 



[h;S\(z)-h(z)\ = (C[h;6\-l)h(z)= (i4), 



and find \\I[h; 5} — §>g\\ z = o(/i|j, which implies I[h; S] € yg for small 5. The Lipschitz continuity of I res 
follows from Lemma 13.171 and Corollary 13.201 and the Lipschitz continuity of / app is a consequence of 
Lemma \'3. 61 Moreover, using pfi"|) and the same estimates as above we find that the Lipschitz constants 
are of order o(/Lt|). □ 



Now we can prove Theorem 12.41 and Proposition 12.61 from g2J 

Corollary 3.24. The operator I g is a contraction ofyg, and thus there exists a unique fixed point in yg. 
Moreover, this fixed point is nonnegative since the cone of nonnegative function is invariant under the 
action of Ig . 

Proof. By construction, we have Ig[&\ — /[ < f>*<I>; 6] and all assertions follow from Lemma r3.22l and Lemma 

Km □ 
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Finally, we discuss the influence of the parameters (fa, fa) that control the decay behavior of the 
solution, see (fl8|) . 

Remark 3.25. Consider another pair of parameters (fa, fa) with fa > fa and fa > fa, and denote by 
y$ the corresponding set from Lemma VS. 2°A Our previous results imply, compare Remark VS.iA and Remark 
\3. 1S\ that y$ C y$ for all small 5, and this yields the following two assertions, (i) For small but fixed S 
the solution that is found with the parameters (fa, fa) equals the solution for (Pi, fa), (ii) The smaller 
5 is the larger we can choose the parameters (fa, fa), i.e., the faster the solution decays. 
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